The theory of electromagnetic Bloch waves in periodic stratified media is applied to the problems of birefringence and group velocity in these media. The relevance of periodic media to phase matching in nonlinear mixing experiments and to laser action in the x-ray region is discussed.
circular with only a slight ellipticity. The origin corresponds to the contour of zero frequency. In the longwavelength regime (X>> A), these are similar to the dispersion curves of electromagnetic waves in a negative uniaxial crystal. The birefringence property of a periodic stratified medium will be discussed further in Sec. II. These contours become distorted and modified at shorter wavelengths and near the boundaries of the Brillouin zone (KA= 17Tr) where the wavelength is comparable with the dimension of a unit cell and the electromagnetic waves interact strongly with the periodic medium.
The concepts of phase and group velocities in periodic layered media are subtle and require careful examination. Let us start by reviewing some of the relevant results which were derived in paper I.
The electromagnetic Bloch wave is given by E(x, z, t) = EK(x) eiKx eiBZ e-iwt (1) where EK(x) is a periodic function of x with period A and is given by Eq. (28) in paper I. The dispersion relation between K, /3, and w is given by cosKA = 2 (A + D) = coskjx a cosk 2 , b -A sink 1 x a sink 2 , b, (2) where A and D are given, respectively, by Eqs. (10), (13), (15), and (18) of paper I and 
It is important to note that the Bloch wave number K given by (2) is not uniquely defined to the extent that any integer multiple of 27r/A can be added to it. The reduced Brillouin zone scheme commonly used in solidstate physics is no longer useful as far as the phase where e 9 n) are constants. Thus the multivalued nature of the Bloch wave number embodies the existence of the whole set of space harmonics. If the periodicity is removed, i. e., n 1 =n 2 =n then the Bloch mode should become an ordinary plane wave and K should be equal to kx= (w/c)n cosO. Equation (2) in this case reads
so that when nl -n 2 << «n, the principal value of K can be chosen as that nearest to klx or k 2 x. We can ensure that K satisfies the above condition by choosing it in such a way that |e5 ) l n) (8) for all n, or equivalently by choosing K such that the integral
has a maximum value.
Having a proper choice of the Bloch wave number K we are now in a position to define the phase velocity of a Bloch wave. It is defined as
The phase velocity defined above is, strictly speaking, the phase velocity of the fundamental (n= 0) space harmonic which is a plane wave of the form
In the long-wavelength regime where the whole structure behaves as if it were homogeneous, the fundamental space harmonic is the dominant part of the Bloch wave and can be taken alone as a very good approximation of the whole wave.
The group velocity for a Bloch wave packet is given by (12) In a homogeneous medium the group velocity represents the velocity of energy flow of a quasimonochromatic wave and is thus parallel to the Poynting vector which is a constant vector in a homogeneous lossless medium. The Poynting vector of a Bloch wave given by (1) is a periodic function of x. The group velocity (12) of the same wave, however, is a constant vector. The discrepancy is due to the fact that in a periodic medium the power flow is a periodic function of the space coordinates. We will show, however, that the averaged is exactly equal to the group velocity as given by (12) (see Appendix A). This endows the concept of group velocity as defined by (12) with a rigorous meaning. It is an extremely useful concept since it now makes it possible to consider the propagation of confined finite aperture beams in a layered medium. The space averaged Poynting vector and energy density are particularly useful in the long-wavelength regime where the medium can be considered as a quasihomogeneous and anisotropic medium.
IL. BIREFRINGENCE OF PERIODIC STRATIFIED MEDIA
In this section we review the birefringence which results from the medium periodicity. We start by reviewing in the context of our present discussion the birefringent behavior of bulk anisotropic media. 
The section of the normal surface by the coordinate plane ky = 0 is a circle and an ellipse (see Fig. 2 ). The line joining the origin and the osculating points of the circle and the ellipse is the optical axis.
It can easily be shown that the vectors E and H always lie in the tangent plane of the normal surface. As a result the Poynting vector S defined by S=ExH (26) is always parallel to the group velocity which is given by Vg=Vkw(k).
(27) a periodic medium for waves propagating in an arbitrary direction.
It was shown above that the only dynamical variables needed to describe a monochromatic plane wave propagating in a periodic stratified medium are co, A, and K. The generalized wave vector is defined K=axK+az .
FIG. 2. Section of normal surface in
To prove that S and V, are parallel, we start from Eq.
(20) and replacing a/at by -iw rewrite it kX (kx E) + w 2 jueE = 0.
(21 Suppose now that k is changed by a small amount 6k while w is kept constant. If 6E is the corresponding change in E, we have, according to (28),
If we multiply both sides of this equation by E, we ob-
The dispersion relation between w and K is given by Eq. (2).
If the period A is sufficiently small compared to the wavelength, then the whole structure behaves as if it were homogeneous and uniaxially anisotropic. The wave given by (1) thus behaves as if it were a plane wave of the form given by (11).
In Fig. 1 the contours of constant w are plotted in the K-,8 plane. These are sections of the normal surfaces with the K-,3 plane for various frequencies. It is evident from inspection that at the long-wavelength limit (X>> A) the dispersion of a layered medium is qualitatively similar to that of a negative uniaxial crystal.
To demonstrate this analogy we take the limit of kla « 1, k 2 , b -1, and KA << 1 and expand all the transcendental functions in (2). After neglecting higherorder terms, we obtain
The second term vanishes according to (28) and the first term can be written 26k-[Ex(kxE)]. Hence, we have, using H = (1/w~i)kxE,
i. e., E x H is perpendicular to 6k which is an arbitrary infinitesimal vector in the tangent plane of the normal surface. The group velocity Vg defined by (27) is also perpendicular to the normal surface, thus proving our statement.
Let us now consider the propagation of electromagnetic waves in a medium consisting of infinitely alternating layers of two different homogeneous and isotropic substances. Although each individual layer is isotropic, the whole structure behaves as an anisotropic medium. TE waves and TM waves are found to propagate with different effective phase velocities and the periodic medium is birefringent. This phenomenon is well known in an anisotropic homogeneous crystal and is used in the electrooptic modulation of light and in a variety of polarizing applications.
The electromagnetic properties of a periodic laminated structure have been studied by Rytov, 3 who limited his treatment to cases in which the direction of propagation is either parallel or normal to the layers. In the present analysis we use the Bloch wave formalism of Paper I to obtain the exact birefringence behavior of
Equations (27) and (28) represent the two shells of the normal surface in the K-,8 plane. One surface (33) applies to a TE wave and is a sphere while the TM normal surface (34) is an ellipsoid of revolution. TE waves thus are formally analogous to the so-called ordinary waves in a uniaxial crystal, while TM waves are the extraordinary waves. The normal surface becomes more complicated at higher frequencies. It consists of two oval surfaces osculating each other at the intersections with the K axis as long as the frequency is below the first forbidden gap. For frequencies higher than the forbidden gap, the oval surfaces break into several sections. The break points occur at
which is the Bragg condition for the quasi-plane-wave (11).
III. DOUBLE REFRACTION AT A BOUNDARY
Consider a plane wave incident on the surface of a semi-infinite periodic stratified medium<. If the incident wave is a mixture of TE and TM waves, double refraction takes place. This can be easily seen from the normal surface in the /3-K plane. A very important kinematic property of refraction at a plane interface between two dielectric media is the fact that A, the tangential component of the wave vectors, must be equal for both the incident and refracted waves. Given a , value, the two shells of the normal surface in general yields two K values, thus giving rise to two refracted waves as shown in Fig. 3 . The two refracted waves are in general both extraordinary waves in the sense that their phase velocities, i. e., effective indices, depend on j3.
However, at the long-wavelength regime where X >>»A, TE waves become ordinary waves while TM waves remain extraordinary.
If the wave vector of the incident wave is denoted by ko, and 0 is the angle of incidence, the projection of the wave vector along the boundary plane is given by
The y dependence is again suppressed for the sake of simplicity in illustration. Let the two media comprising the layered structure possess nonlinear optical properties which cause the two waves at w 1 and W 2 to generate a polarization P(x, z) at W 3 with a complex amplitude
The nonlinear coupling coefficient dij, reflecting the symmetry of the medium, is a periodic function of x,
The power flowing into wave at frequency 0 3 from E (w') and E (X2) is given by E ('43)* (a/at)P("3), which is proportional to
The transverse wave vectors in the medium are determined either graphically from Fig. 3 or analytically from the dispersion relation (2) . The angles of refraction are given by
The angles given by (39) and (40) are the directions normal to the wave fronts of the refracted waves. The directions of energy flow are obtained by taking the normals to the normal surface.
The effect of double refraction is very pronounced near the zone boundaries where the medium is very dispersive and the band gap is different for TE and TM modes. At the edge of the band gap the group velocity which is parallel to the normal to the curve, is along the z axis and has no component normal to the interfaces. This is consistent with the fact that at or inside the gap the reflectivity is unity so that no power can flow along the x direction. 
A. Yariv and P. Yehneff cidence (3= 0). The effective index of refraction is obtained from (10) and the relation vP= C/neff,
Far from Bragg resonances the effective index is equal Normal nonlinear processes in a homogeneous medium require either no dispersion or anomalous dispersion. The dispersion in a periodic stratified medium can be separated into two factors which are the natural dispersion of the material itself and the additional dispersion due to artificially periodic stratification. The latter will be called "periodicity dispersion." A typical periodicity dispersion is shown in Fig. 4 . An analytic study of the periodicity dispersion is given in Appendix B. It can be seen from Fig. 5 , in which the periodicity dispersion is superposed on top of the natural dispersion, that the natural dispersion due, say, to some absorption resonance at wo is modified by the periodicity dispersion. As a result, phase matching can be achieved in a spectral region where it would be impossible if the medium were homogeneous. This can be explained as follows: In order to achieve phase matching in a piecewise homogeneous medium the dispersion function n(w) in the relevant spectral region cannot increase monotonically.
The monotony of the dispersion is removed when the periodic stratification is introduced since, as shown in Fig. 5 , the change in index due to periodicity changes sign near a Bragg resonance frequency. It is therefore possible to select the parameters of the periodic structure so that phase matching is achieved in a given triplet of waves.
It is interesting to get an expression for the maximum change in the effective index of refraction which is achievable by periodicity dispersion. To be specific we derive an expression for the maximum index deviation An 1 / 2 as defined in Fig. 8 . Substituting (54) for co, in the last expression and using the fact that A -1 -1 leads to
An,/ 2 :-[2n/(21 + 1)7r] [(A -1)/ (A+ 1 )]1
From (54) If the amount of natural dispersion that need be overcome in a given process is less than An 1 / 2 given by (55), the normal nonlinear processes can achieve perfect phase matching by introducing the periodic stratification.
Phase matching can also be achieved by utilizing the birefringence property of the periodic medium. The difference in the refractive indices of the ordinary waves and extraordinary waves is given by However, this quantity is much smaller compared to An umklapp nonlinear process can be thought of as the generation of a wave at the mixed frequency (such as U)3= w1+ w 2 ) with, simultaneously, a Bragg reflection. The additional momentum in this process is obviously provided by the periodic stratified medium (or in other words, transferred to the periodic stratified medium). Umklapp phase-matched nonlinear processes can take place in any dispersive medium under appropriate conditions. For example, the phase mismatch due to the normal dispersion of the material can always be compensated by the crystal momentum, i. e., choosing the period A so that (51) is satisfied for some combination of en, 1, p. The missing wave momentum is thus provided by the periodicity of the integrand in (44). It can come from either the Fourier component of the nonlinear coefficient, i. e., m 0 0 or the space harmonics of the Bloch waves, or both. The umklapp nonlinear process is thus a way to achieve phase matching when the periodicity dispersion (55) is not big enough to compensate the material dispersion.
Traditionally this process can be thought of as an interaction between the space harmonics of the Bloch waves (3) since the rate of power transfer will involve according to (49) the amplitudes of the space harmonics.
V. DISTRIBUTED FEEDBACK SOFT-X-RAY LASERS IN PERIODIC STRATIFIED MEDIA
In this section we consider the possibility of using a layered structure as a medium for an x-ray laser. The huge pump intensities which will be required to overcome the ordinary photoelectric losses in the x-ray region will limit the pumped region to very small volumes. Under these conditions the use of an external resonator structure seems highly unlikely. One proposal advanced earlier 8 was to use the periodicity of natural crystal to provide distributed feedback by Bragg reflection. In what follows we consider the possibility of obtaining Bragg x-ray laser action in artificial layered media. In such media we have the freedom of tailoring the period exactly so that the Bragg condition is satisfied at the oscillation wavelength. In addition no crystals exist in which the unit cell dimensions are comparable to oscillation wavelengths of, say, 100 A.
We will thus consider a layered medium in which one of the layers provides gain at some frequency co. Since the presence of gain or loss can be represented by the use of complex indices of refraction we need to extend the analysis of paper I to the case of media with complex indices. The coefficient of reflectivity of the N layered structure is given as in (33) of paper I by
while the transmission is
The complex indices of refraction are taken as (60)
Consider next a periodic stratified medium with alternating gain and loss layers (a, > 0, a 2 < 0)°S uch a structure could result if we were to fabricate, as an example, an artificial layered medium composed alternately of two media-1 and 2-and then pump it by an incoherent x-ray beam or an intense laser source. Since the layers are different the effect of the pump can be to produce an inversion in layers 2, say, at some characteristic x-ray frequency. We thus have a situation where x-ray radiation of the characteristic frequency is amplified in layers 2 but is absorbed by the photoelectric effect in layers 1. We will show next that if the unit cell (i. e., the alternation period) length A is chosen near the Bragg value 21Xg then oscillation may result. The determination of the pump threshold requires an exact formulation of the electromagnetic problem. This becomes possible with the aid of the Bloch formalism developed in paper I.
We choose n 1 and n 2 as well as a, as parameters, ly equal to loss a, for modes whose frequency is far away from the band gap. However, it is much less than the loss when the oscillation is near the band gap.
In our example, I a2t I a, 1 . This theoretical result can be explained as follows: The power dissipation per unit area is proportional to 
In the conventional Fabry-Perot laser where a (x) = constant, power generation requires a net positive gain (negative loss) aL<0. That means the laser medium of the conventional laser has to be pumped until the gain conquers the loss. However, in a periodic multilayer laser the gain constant of the gain layer does not have to be larger than the loss constant of the loss layer assuming the same layer thickness. This is similar to the "Borrman effect" of an x-ray propagating in a crystal. 9 This finding is of important significance to x-ray lasers since it should make possible significant reductions in the threshold pumping requirements.
The field distribution near oscillation of a typical multilayer x-ray laser is shown in Fig. 7 . Note that the local maxima of the field amplitude are all located in the gain layers. The parameters correspond to the low threshold pole of Fig. 6 .
VI. CONCLUSION
The matrix Bloch wave formalism has been used to derive the dispersion behavior of electromagnetic modes in layered periodic media. The use of periodic media in phase matching nonlinear optical interactions was considered as well as their use in obtaining reduced threshold x-ray lasers. 
From (A2), (A3), (A9), (A10), and (All) the averaged energy density is calculated to be 
The group velocity can be obtained by using implicit dif- 
where, using (2),
From (A17) and (A18), Vg, and Vg, are obtained as 
If we introduce the following three parameters 
The last equality relation of (A15) was used to derive the above two equations. In this appendix we treat analytically and quantitatively the periodicity dispersion. We obtain expressions for the locations and sizes of the band gaps. We will limit our derivation to the case of normal incidence. The extension of our result to the general case will be given in the last part of this appendix.
Instead of using n 1 , n 2 , a, and b, a new set of more convenient parameters will be defined in the following:
(B3) In terms of these new parameters, the dispersion relation (2) can be written 
Consider a stratified medium consisting of alternating layers of the same optical thickness which is the case when v = 0, all the even-order band gaps shrink to zero, while the odd-order band gaps have a maximum constant value 
(B10)
The vanishing of the even-order band gaps is due to the fact that each layer becomes a half-wave layer at the even-order Bragg conditions so that reflections from two adjacent interfaces are out of phase by an odd multiple of it. The dispersion relation for this special case is shown in Fig. 8 .
In the general case when v * 0, the degeneracy is removed and there is, in general, a finite band gap at KA= 2 1wr. The band edges of each forbidden gap are always on both sides of the straight line co= cK/In. The band gap sizes vary roughly periodically as a function of the Bragg order for even orders and odd orders separately. This can be seen from either (B8) or Fig.  9 , which is a plot of both sides of (B7) and gives a graph-
cosKAm ( In the usual case of inclined incidence (6*0), all t above results are applicable provided A, n, and v defined by ( 
It can be seen from (B8) that the locations of the band gaps are shifted toward higher frequencies and the sizes of the band gaps become larger at inclined incidence.
